ABSTRACT:
A fatigue damage computational algorithm utilizing a multiaxial, isothermal, continuum-based fatigue damage model for unidirectional metal-matrix composites has been implemented into the commercial finite element code MARC using MARC user subroutines. Damage is introduced into the finite element solution through the concept of effective stress that fully couples the fatigue damage calculations with the finite element deformation solution. Two applications using the fatigue damage algorithm are presented. First, an axisymmetric stress analysis of a circumferentially reinforced ring, wherein both the matrix cladding and the composite core were assumed to behave elastic-perfectly plastic. Second, a micromechanics analysis of a fiber/ matrix unit cell using both the finite element method and the generalized method of cells (GMC). Results are presented in the form of S-N curves and damage distribution plots.
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In
The first example is a reinforced MMC ring, representing a typical engine component, and the results will be presented in terms of the evolution of damage in the ring cross section. The second example is a micromechanics analysis of a fiber-matrix representative volume element (RVE). The damage distribution in the matrix will be shown.
Fatigue Damage Formulation
The 
N is the number of cycles at the current stress state (ok) and the increment in damage, (D_ Dk ,), where Dk and D_ _ is the amount of damage at the current and previous increments, respectively. The quantity, o_, that is a function of the current stress state is defined as
where ) are the Macauley brackets.
In Eq 2, the fatigue limit surface, cl)lz, and the static fracture surface, qb are defined as
Note, the case, (_,) = 0, indicates static fracture, which is failure, making it unnecessary to perform the fatigue calculations. Thus, having to consider the possibility of ot being undefined is unnecessary. As will be discussed in the following section, the finite element is considered to have failed completely. The case, (_i7) = 0, indicates that the current stress state is below the fatigue limit and thus a is set equal to 1. This presents a special case when integrating the fatigue damage expression, Eq 1, and will be considered later in this section.
The quantity, F,,,, the normalized stress amplitude, is defined as
In the preceding equations, to is the time at the beginning of the current load cycle, and t is some time during the load cycle. The general form for F_s_.,,_ ,,,r.,, may be expressed as For a current state of stress, crk, which is above the fatigue limit, that is, a _ 1 (integrating Eq I) results in an expression for the number of cycles, N, that is
Note that D, _ is the total amount of damage at the beginning of the load block and D, is the total amount of damage at the end of this load block.
In the present computational scheme, since the damage increment is controlled, both D, and D, _are known. That is, D_, -Dk _ + AD where AD is the user-specified increment in damage. Thus, Eq 8 is used to predict the increment in the number of cycles for each element, N", due to the increment in damage.
To calculate the number of cycles to failure for an initial damage amount, D,_ _, let Dk = 1, which results in the following
As will be shown in the following section, it is also necessary to rewrite Eq 8 in terms of the damage D,, that is
Now, consider the case in which the current stress state is below the fatigue limit, that is, (it)n) = (), which leads to aa = 1. Thus, Eq 1 takes the form
Upon integrating
Eq I 1, the increment in cycles, N, with initial damage, D_ t, may be expressed
Alternatively, the following expression for the damage. I)_, may be expressed as
For the number of cycles to failure, let D, = 1
The effect of damage is included in the finite element stress analysis by utilizing the concept of "effective stress"
[2] and the hypothesis of strain equivalence [3.4]. Thus, the effect of damage may be accounted for by either using the effective stress, that is, increasing the stress, or by simply degrading the elastic and plastic material properties to represent the material softening due to damage. Material softening is used in the present approach with the degraded elastic constitutive matrix calculated by
and similarly, the plastic material properties, for example, yield stress, _r,, is given by
Computational Scheme

General Framework
The present version of the fatigue damage algorithm utilizes average quantities in the damage calculations.
For example, the stresses for each integration point are determined and then all integration points are averaged to give one stress state for each element. All subsequent damage calculations use these average quantities. However, the program was written in a sufficiently general form so that all of the damage calculations may be performed at each integration point with minimal modifications. Specifically, all that is required is increased dimensions for various storage arrays. Note that, because of the scalar nature of the damage parameter used here, together with the assumptions previously discussed, the task of local (constitutive) level integration is simply reduced to the use of the "exact" closed-form expressions given in the preceding section.
A flowchart of the developed life prediction scheme is shown in Fig. 1 . The deformation analysis is the actual finite element run. First, note there are two levels of failure criteria checks; element level and structural level. The element level includes a static fracture surface check that is part of the fatigue damage model (Eq 4). Additional criteria may be included such as a check on total mechanical strains, etc. If an element violates one of these failure criteria, that element is considered to have "failed" and its damage, D, is set equal to the maximum amount of damage allowed. As shown in Fig. 1 , for a coupled analysis, the damage calculations are terminated and a deformation analysis is rerun in order to account for the stress redistribution Once the controlling number of cycles has been determined, the corresponding, actual amount of damagc, D'_', in all of the remaining elements must be recalculated. This is performed in subroutine CALCD using Eq 10 or 13. Note that since the damage was incremented by a specified amount, the controlling element's damage is already known. Figure 3 shows the cycle scheme used in the code. Recall that the "applied" load cycle is the actual load history that is applied and used in the finite element analysis. In addition, it is usually assumed that the fatigue damage calculations are applied to a "stabilized" stress redistribution. Thus, when hardening is present, more than one applied load cycle may be necessary in order to achieve the stabilized stress redistribution.
MARC hnplementation
As an example, the present fatigue damage algorithm was implemented into the finite element code MARC.
Please note that based upon the discussion in the previous section, it should be apparent that the fatigue damage algorithm was developed in a form that is independent of the specific finite element code that is used. Most commercial finite element codes provide capabilities similar to those described here with regards to MARC. 
MARC provides various user subroutines
Example Applications
A Cladded MMC Ring Insert
As stated previously, one of the primary motivations of this research is to establish a computationally efficient method for predicting the fatigue life of typical aerospace components. This includes the ability to predict the location of damage initiation and to be able to track the propagation of damage throughout the structure. With this in mind, the fatigue damage algorithm was applied to a cladded MMC ring. The reasons for choosing this specific structure are Fig. 4 (bottom state, it correspondingly has the shortest fatigue life. Thus, damage is predicted to initiate along the composite core inner diameter. The fully coupled life prediction analysis follows the algorithm presented in the previous section that takes into account the effects of stress redistribution due to the propagation of damage. Now in the coupled analysis, finite lives and damage are predicted for the cladding, due to stress redistribution effects. Figure 5 (bottom) shows the fully coupled deformation and fatigue damage analysis results. The solid circles are analysis results obtained using the present fully coupled algorithm.
A smooth solid line is drawn through these points to obtain the S-N curve. Note the dashed part of the S-N curve indicates an "extrapolation" since no analysis was run at a P/P; less than 0.30. Upon comparison, one observes that at pressures close to the burst pressure, the fatigue life predicted by the coupled analysis is close to that of the uncoupled analysis, since at high stress levels, once the damage initiates in the core, "'structural" failure of the ring occurred rapidly.
On the other hand, at low stress levels, the fatigue life as predicted by the coupled analysis is longer than that predicted from the uncoupled analysis at the inside diameter.
This difference may be viewed as the effect of propagation of the damage in the ring cross section. This propagation is caused by the stress redistribution effects that are automatically captured by performing a fully coupled deformation and fatigue damage analysis.
Finally, Fig. 6 shows two selected damage distribution plots in the ring cross section produced by the coupled fatigue damage analysis for PIP_. = 0.85. Note that in Fig. 6 (left) , the damage initiates along the inner diameter of the composite core. in addition, the first elements to completely fail are located in the inner radius "comers" of the TMC core. Therefore, the assumption used in the uncoupled analysis of a uniform stress state in the z-direction for a given column of core elements was not appropriate. Conversely, in Fig. 6 (right) structural failure of the ring is depicted (that is, the composite core has completely failed) and due to stress redistribution, the matrix cladding has accumulated significant amounts of damage. 
Micromechanical Failure Analysis
The second application is on the microscale in which a fiber/matrix unit cell representing a square pack, 35e/c fiber volume ratio (FVR), SiC/Ti-15-3 composite was analyzed. Two approaches were used to model and analyze the unit cell. The first approach utilized a finite element representation in which the unit cell was idealized using two mesh discretizations, consisting of 4 and 64 eighl-node three-dimensional elements, Fig. 7 . For the deformation response, the Bodner-Partom viscoplastic model was characterized for the Ti-15-3 matrix material (see Table 3 ) and the fiber utilized a simple isotropic linear elastic model (see Table 4 ). RVE. Note that at the higher stress amplitudes (1345 and 1207 MPa), the relative differences are on the order of 14 to 17%, while at the lower stress amplitudes (931 and 793 MPa), there is a relative difference of 4 to 5%. Figure 11 shows the damage distribution for the fatigue analysis having a maximum stress amplitude of 1345 MPa. The damage distributions were taken just before failure of the unit cell (that is, fiber fracture). Figure  11 shows the corresponding damage distributions for both the 4 and 64 finite element unit cells and the GMC 4-cell and 49-cell RVE models. With regards to the micromechanics fatigue damage analysis, future work will involve predicting the transverse fatigue behavior of the same SiC//'i-15-3 composite. Comparisons will also be made between the finite element method and the generalized method of cells in terms of accuracy and computational efficiency. Finally, an attempt will be made to repeat the macrobased MMC ring insert life analysis, but this time using a micromechanics-based approach.
TAB LE 3--Material
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